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Abstract : For a Dirichlet character modulo an integer 3≥q , we use a highly 
simple elementary method to give an asymptotic formula for ( )( )
4
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L
χχ
χ ,       
where ( )qmod0χ  is the principal character . This result seems to be new . We 
also obtain an asymptotic formula for 
2
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),1(∑
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L
χχ
χ  , using power series              
expansion of )1,( αζ +s  at 1=s .
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Introduction :  Let its += σ  be a complex variable , where t,σ  are real . For an 
integer 1≥q  , let ( )qmodχ  denote a Dirichlet character and let ( )qmod0χ  
denote  the principal  character . Let ( )χ,sL  be the corresponding Dirichlet 
L-series so that  ( ) ∑
≥
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n
snnsL χχ  for Re 1>s  ; and its analytic continuation . 
            For 10 ≤< α  , let ),( αζ s  be the Hurwitz zeta function  defined by 
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1 )(),(
n
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continuation . Let )(sζ  denote the Riemann zeta function . Thus 
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 For an integer 1≥n  , we shall write ∑
=
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q nana 1)()(   with u≤1  , qv ≤  ,
 for the given integer 3≥q  . Note that )()( ndna ≤  , where )(nd  is the divisor 
function . 
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              In what follows , )(nφ  shall denote Euler’s totient function and )(nµ
shall stand for Moebius function and  p  shall denote a prime number. Also γ  will 
mean Euler’s constant . For u  real , ][u  shall stand for its integral part . In what 
follows ,  ∑ ∑ 
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a 1
with the restriction 
1),( =qa . The summation ∑'
b
,∑'

and  ∑'
k
 will have similar meanings .  In 
what follows , the 0 and << constants will be absolute , unless stated otherwise . 
           Effectively , we shall be using only three facts namely , 
          1) Euler’s summation Formula
         2) the boundedly convergent series expression on the unit interval ,          
        ∑
≥
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1
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  with equality for non-integral u . 
         3) Power series (in α ) of ),(1 αζ s  .
              Our object is to prove the  following theorems . 
Theorem 1 : For an integer 3≥q  , we have 
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       where )(mod0 qχ  is the principal character and )(nd  is the number of divisors of n . 
     Remark : Our  Theorem above for 1=s  , seems to be the best result in this direction .
 
    Our method  is highly simple and elementary .       
              Before stating our Theorem 2 , we shall need a Lemma .
Lemma :  Let sss −−= ααζαζ ),(),(1 . Then for any complex number s , 
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Remark : Our lemma above is Theorem 1 of author [2] . We shall write 
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Let ( ) n
n
nss
cs ααζ ∑
≥
−→
=−
0
2
1
1
11
)),((lim  , where j
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              Incidentally , it is to be noted that for 0>s  and for α  in the unit interval [0,1] 
and for any integer 1≥N , we have finite Taylor series namely , 
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where the O-constant is 1 . From this , we get the finite Taylor series of 
( ( ) ) 21111 )),(lim)( −→ −= ss sg αζα  as follows :  For any integer ,1≥N  
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              Next, we state our Theorem 2 .
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Theorem 2 : We have for 3≥q  , 
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degree n ; and for 0≥n ,  j
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=  , with  γ=0a  and )1()1( +−= na nn ζ  when 1≥n .
Remark : In the light of finite Taylor series (with remainders) for ( )1111 ),(lim −→ − ss s αζ
and ( ) 21111 )),((lim −→ − ss s αζ , the last two terms involving infinite series in the statement of 
Theorem 2 above can be replaced by asymptotic expansions with error term )(0 Nq−  for 
any positive integer N. Also is the case for the term ( )2 )()(0 q qqd φ  .
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 )(1 uB  being  Bernoulli polynomial of degree 1 ; ∑
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 and 1γ  is the constant defined by +−++= − )1()( 111 ss s γγζ ……….
Proof of Theorem 1 :  For a Dirichlet character )(mod0 qχχ ≠  and for Re 1>s  , 
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 for Re 1>s  ; and its analytic continuation . 
Henceforth in what follows , in any congruence relation , for brevity we shall write ''q  in
 
place of  'mod' q  . 
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              From the expression ∑
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sns ααζ  for 1>σ  , on using Euler’s 
summation formula , for arbitrary 0>x  and for 1>σ    and for  10 ≤< α  , we have 
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Note that 1−>− αx  . Here empty sum is treated as zero . 
              This expression is valid for 0>σ  and for 1≠s  . We choose 1=x  . This gives 
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In what follows , s is real positive unless stated otherwise . 
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              Incidentally , note that the term ( )2 )()(0 q qqd φ  can be expressed as a finite asymptotic 
series with error term )(0 Nq−  for any integer 1≥N  .
              This completes the proof of  Theorem 2 .
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